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On Similar Partner Curves in Bishop Frames with 
Variable Transformations 

Faik BAB AD AG 


Abstract — In this paper, we define a new family of curves and 
call it a family of similar curves with variable transformation 
according to the Bishop Frames . Also we give some 
characterizations of this family and we give some theorems. We 
obtain that similar curves with variable transformation with 
vanishing curvatures form the families of similar curves with 
variable transformation according to the Bishop Frames in 
E 3 and E 4 . 

Index Terms — Regular curves, Bishop frame, similar curve, 
variable transformation. 


i. Introduction 

The curves are a part of our lives are the indispensable. For 
example, heart chest film with X-ray curve, how to act is 
important to us. Curves give the movements of the particle in 
Physics. 

Helical curves are very important type of curves. Because, 
helices are among the simplest objects in the art, molecular 
structures, nature, etc. For example, the path, arroused by the 
climbing of beans and the orbit where the progressing of the 
screw are a helix curves. Also, in medicine DNA molecule is 
formed as two intertwined helices and many proteins have 
helical structures, known as alpha helices. So, such curves are 
very important for understand to nature. Therefore, lots of 
author interested in the helices and they published many 
papers in Euclidean 3 and 4 - space (See for details: [1] [2]). 

Helix curve is defined by the property that the tangent 
vector field makes a constant angle with a fixed direction. In 
1802, M. A. Lancert first proposed a theorem and in 1845, B. 
de Saint Venant first proved this theorem: "A necessary and 
sufficient condition that a curve be a general helix is that the 
ratio of curvature to torsion be constant" [7]. 

Recently, many studies have been reported on generalized 
helices and inclined curves (Generalized helix is called as 
inclined curve in n - dimensional Euclidean space n , 
n > 4 ) [1], [3], [6]. The Frenet frame is constructed for the 
curve of 3-time continuously differentiable non-degenerate 
curves. Curvature of the curve may vanish at some points on 
the curve, that is, second derivative of the curve may be zero. 
In this situation, we need an alternative frame in E 3 Therefore 
in [8], Bishop defined a new frame for a curve and called it 
Bishop frame which is well defined even when the curve has 
vanishing second derivative in 3- dimensional Euclidean 
space 3 . Similarly, Gokgelik et al. defined a new frame for a 
curve and they called it parallel transport frame in E 4 [5]. The 
parallel transport frame is an alternative frame defined a 
moving frame. In [5], they consider a regular curve a(s) 
parametrized by s and they defined a normal vector field V(s) 
which is perpendicular to the tangent vector field T(s) of 
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curve a(s) said to be relatively parallel vector field if its 
derivative is tangential along the curve a(s) . They use the 
tangent vector T (s) and three relatively parallel vector fields 
to construct this alternative frame. They choose any 
convenient arbitrary basis {Mi(s),M 2 (s),A/ 3 (s)} of the 
frame, which are perpendicular to T(s) at each point. The 
derivatives of M 2 (s), M 3 (s)} only depend on (s) . It 

is called as parallel transport frame along a curve because the 
normal component of the derivatives of the normal vector 
field is zero. The advantages of the parallel frame and the 
comparable parallel frame with the Frenet frame in 
3-dimensional Euclidean space E 3 was given and studied by 
Bishop [8], 

In this paper, we define similar curves with variable 
transformation according to the Bishop Frame in Euclidean 
space E 3 and give some characterizations of these curves. We 
hope the results of this characterizations will be helpful to 
mathematicians who are specialized on mathematical 
modeling as well as other applications of interest. 


h. preliminaries 

Let y: / c R -> E 3 be arbitrary curve in the Euclidean 
space E 3 . y is said to be of unit speed ( or parametrized by 
arc-length function s) if ||y "(s) || = 1. Then the 
derivatives of the Frenet frame of y (Frenet-Serret formula); 
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where { T , N, B} is the Frenet frame of y and K, k are the 
curvature and torsion of curve , respectively [10]. 

The Bishop frame or parallel transport frame is an 
alternative approach to defining a moving frame that is 
well-defined even when the curve has vanishing second 
derivative. One can express parallel transport of an 
orthonormal frame along a curve simply by parallel 
transporting each component of the frame. The tangent vector 
and any convenient arbitrary basis for the remainder of the 
frame are used. Therefore, the Bishop (frame) formulas are 
expressed as 
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where {T, M 1 ,M 2 ] is the Bishop Frame and k lt k 2 are 
called first and second Bishop curvatures, respectively [8]. 
The relation between Frenet frame and Bishop frame is given 
as follows: 
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where 0(s)=arctan (k 2 )/(k!), r(s)=d0(s)/ds and 
K(s ) = Jk 1 2 (s') + k 2 2 (s). Here Bishop curvatures are 
defined by fci = KcosO , k 2 = KsinG . Where K, k denote 
principal curvature functions according to Frenet frame of the 
curve y [9]. We can parellel transport an orthonormal frame 
along a curve simply by parallel transporting each component 
of the frame. The derivatives of {Mi(s),M 2 (s)} only depend 
on T(s) . Here the set {T(s),Mi(s),M 2 (s)} is called as 
parallel transport frame and 

k x (s) = < 7’ (s),M 1 (s) >, fe 2 (s) = < T'(s),M 2 (s) >, called as 
parallel transport curvatures of the curve y. 

Let w ^ = w a (4) (s) : / -> E 4 be an arbitrary curve in the 
four dimesional Euclidean space E 4 . Recall that the curve 
is said to be of unit speed (or parameterized by 
arc-length function s) if 

< (w< 4) ) " (S), (wi 4) ) " (s) )=1, 

where ( , ) is the standard inner product of E 4 given by 

(X,X) = x-flt + x 2 y 2 + x 3 y 3 + x 4 y 4 

for each X = (x u x 2 , x 3 , x 4 ), T = (y 1( y 2 ,y 3 ,y 4 ). In 

particular, the norm of a vector X E E 4 is given by 
\\X\\ 2 = (X,X). Let {T,N,B 1 ,B 2 } be the Frenet frame along 
the unit speed curve . Then T, N, B 1 and B 2 are the 
tangent, the principal normal, first and second binormal 
vectors of the curve w^\ respectively. If is a space 
curve, then this set of orthogonal unit vectors, known as the 
Frenet-Serret frame, has the following properties 

T'O) = KN(s) 

N '(s) = -K T(s) + k 5i(s) 

B x '{s) = -/cJV(s) + tB 2 (s) 

B 2 '(s) = -r B 1 

where K,k and x denote principal curvature functions 
according to Frenet frame of the curve [9] . The parallel 
transport frame is an alternative frame defined a moving 
frame. Curvature of the curve may vanish at some points on 
the curve, that is, the i-th (1 < i < 4) derivative of the curve 
may be zero. We can parellel transport an orthonormal frame 
along a curve simply by parallel transporting each component 
of the frame. The derivatives of (M 1 (5), M 2 (s), M 3 (s)} 
only depend on (s) . Here the set 

{T(s), Mi(s),M 2 (s),M 3 (s)} is called as parallel transport 
frame and fc^s) = (T ^(s),M 1 (s) >, fc 2 (s) = 

(T »,M 2 (s)>, 

k 3 {s) = (T (s), M 3 (s) ) called as parallel transport 
curvatures of the curve w„ 4 \ 

Theorem. The alternative paralel transport frame equations 
are given by 



where k lt k 2 , k 3 are principal curvature functions according 
to paralel transport frame of the curve w^ 4> and their 
expression as follows: 

fci = K.cosdcoscp 

k 2 = K {-coscpsintp + sinQcoscp ) 

k 3 - K (sinfysirup + coscftsindcoscp ) 


K(s) =Jk 1 2 + k 2 2 + k 3 2 , 
fc(s) = — (p ' + 0 'sind, 
t ( s) = 9 " / sirup 

where K, k and r are principal curvature functions according 
to Frenet frame of the curve w ^ and 9, (p, (p are angles 
between vectors of parallel transport frame . 


III. ON SIMILAR PARTNER CURVES IN BISHOP 
FRAMES E 3 


Let y„(s a ) and y^j(syj) be curves in the three-dimensional 
Euclidean space E 3 parameterized by arclengths s a and Sp 
with non-zero curvatures { , k 2a ] , {kip, k 2 p} and Bishop 
Frames }, respectively. y a (s a ) 

and Yp(s p ) are called similar curves with variable 
transformation Af if there exists a variable transformation 

S a =f 4(Sfi)ds fi 

of the arc-length s such that the tangent vectors are the 
same for the two curves i.e., 

T P = T a ( 2 ) 

for all corresponding values of parameters under the 
transformation if . Where Ap is arbitrary function of the 
arclength [4], [9], It is worth nothing that A^Ap = 1. All 
curves satisfying equation (2) are called a family of similar 
curves with variable transformations. If we integrate the 
equality (2) we obtain the following theorem: 

Theorem. The position vectors of the family similar curves 
with variable transformation according to Bishop frame in E 3 
can be written in the following form, 

Yp(sp) = fT a (s a (s/0) ds P = f Ta i s a)X P a dsp. 
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Theorem. Let y = y(s) be an unit speed curve 
parameterized by arc-length s according to Bishop frame in 
E 3 . Suppose that y = y($) be another parametrization of the 
curve with parameter cf> = / k 1 (s)ds . Then the tangent 
vector T of y(s) satisfies a vector differential equation of 
third order given by 

[jr [ T " ' + (1+ f 2 )T]\ '+fT = 0 , ( 3 ) 

where /(*>) = k 2 {<p)/k x (<p), (T) " = (dT)/ 

d(p, 

(.T) ' " = 0 d 2 T)/dq> 2 . 

Proof. If we write derivatives given in (1) according to <|>, We 
have 


Proof. Let Let y a (s„) and Yp(. s p) are similar curves with 
variable transformation. Then differentiating the equality 
fP _ ja 

with respect to (sp) we have 



where 


kip (sp )M( ( Sp ) + k 2 p ( Sp ( Sp ) 
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respectively, where /(<p) = fe 2 (<p)/fei(<p) 
corresponding matrix form of (1) can be given 
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If we substitute the first equation of new Frenet equation (4) 
to second and third of (4), we have a vector differential 
equation of third order (3) as desired. 

Theorem. Let y a (s„) and Yp(sp) be curves . Then y a (s a ) 
and Yp(.Sp) are similar curves with variable transformation 
according to Bishop frame in the three-dimensional 
Euclidean space E 3 if and only if the principal normal and 
binormal vectors are the same for all curves 


Mf(s jg )=Mf(s a ) (5) 
M 2 (.Sp) = M 2 {Sa) (6) 


under the particular variable transformation 



p _ dsp _ k 2a 
a ds a k 2 p 
of the arc -lengths. 


( 8 ) 


(<=:) Let Let y a (s a ) and Yfi ( s /y ) be curves in the three- 
dimensional Euclidean E 3 satisfying the equations (5) and 
iP dsp k la 

(6). If we multiply equation ( A a — ~ — — ) by 

ds a kip 

kip (s p ) , equation (3.8) by k 2 p(sp ) and integrate the 
result with respect to Sp we have 

j k X p (. sp )Mf (sp) = j k la (s«)Mf (sj ^ 

j k 2 p ( s p)M 2 (sp) = j /c 2a (s a )M 2 “(s a )^. 

(10) 

From the equation (5), (6), (7) and (8), equation (9) takes the 
form 

j kip(sp)M{(sp) + k 2 p(sp)M 2 (sp) 

= j [kia(s a )M?(s a ) + k 2a (s a )M 2 (s a )] d ^- 

which leads to (2) and the proof is complete. 

Theorem. Let y a (s„) and Yp( s p) be curves in the three- 
dimensional Euclidean E 3 . Then y a (s„) and Yp( s fi) are 
similar curves with variable transformation if and only if 
ratios of k lt k 2 , k 3 curvatures are the same for all curves 

k 2p(sp) _ k 2a (s a ) .... 

k ip( s p) fe la(s«) ^ 

under the particular variable transformations 
^P _ dS£ _ fci„ _ k2« 

“ ds a kip k 2 p 

keeping equal total curvatures, i.e., 
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<p(sp) = J k ip {sp) dsp = f k la (s a )ds a = <p (s a ) 
( 12 ) 


of the arc-lengths. 

Proof. =>) Let y a (s„) and Yp ( s p) be regular curves in the 
three- dimensional Euclidean E 3 . Then there exists a 
variable transformation of the arc-length s such that the 
normal and the binormal vectors are the same. Differentiating 
the equations (Sp ) = M“ (s a ) 

and M 2 (Sy 5 ) = M 2 (s a ) we have 


= ~l<iASa)T a (S a )^ 
ds 

~k 2 p(sp)M%(sp) = -k 2a {s a )M2{s a )-j^- 
which leads to the following two equations 

( k ip{ s p) = k la (s a ~) (13 1 

(M*) = *2.(0^ (14) j 


The variable transformation (11) is the equation (13) after 
integration. Dividing the above two equations (13) and (14), 
we obtain the equation (11) under the variable 
transformations (12). 

(<=:) Let Ya ( s a) and Yp (sp) be curves such that the equation 
(11) is satisfied under the variable transformation (12) of the 
arclengths. From theorem 3, the tangent vectors (sp ) 
And T a (s a ) of the two curves satisfy vector differential 
equations of third order as follows: 

[^—[(T a (0 a ))" + I 
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(1 + f a (9a)) 2 (T\e a )]] ' + f a T\e a ) = o f J 

(15) 
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The equation (11) causes 


iC 


/«(»«) = fp{%) 

under the variable transformations 6 a= 6p. So that the two 
equation (15) and (16) under the equation (11) and the 
transformation (12) are the same. Hence the solution is the 
same, i.e., the tangent vectors are the same which completes 
the proof of the theorem. 

IV. ON SIMILAR PARTNER CURVES IN BISHOP 
FRAMES E 4 


Let w„ (4) = w ( a 4 \s): I -» E 4 and w™ = w /? (4) (s):/ -» E 4 be 
curves in the four-dimensional Euclidean space E 4 with 
arclengths S a and Sp with non-zero curvatures 
{k la ,k 2a ,k 3a } ,{k 1 p,k 2 p,k 3 p} and Bishop frames 
{T“, Mf, M“ , M 3 “}, {P, Mf, Mf,Mf], , respectively, 

and are called similar curves with variable 

,/? 

transformation A a if there exists a variable 
transformation^] , 

S a =S 4(Sp)dSp 

of the arc -lengths such that the tangent vectors are the 
same for the two curves i.e., 

T f Cs f ) = T‘(s a ) 

for all corresponding values of parameters under the 
transformation . 


Theorem. Let w C43 (s) be a curve in the four-dimensional 
Euclidean space E 4 parameterized by arc-length s . Provided 
that w C4) (<p) be another parametrization of the curve with 
parameter cp = J k 1 (s)ds. Then the unit tangent vector T of 
w C4) (s) satisfies a vector differential equation of fourth order 
as follows: 

J[ A [T ' + {l + f 2 + g 2 )T] 

[ +t/+(^)]r = o 
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In the above matrix ,If we write derivaties according to 
cp. We obtaine 
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~^= —k 2 T = — / T 

dcp 

= ~k 3 T=-gT 


(18) 


respectively, where 

fm = k 2 {<pyk^<p), g((p) = ksdcpyk^cp). 

corresponding matrix form is 
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-kip(sp)T^s p ) = - k la ( Sa )T\s a )$* 

~k 2 p(s p)T^ (S p) = —k 2a (S a )T a (Sa)^ 

-k 2 p{sp)T p (sp) = -k 3a {s a )T\s a )^ | 

T\sp) = 

j[k 1 p(sp)M{(sp) + k 2 p(sp)M p 2 (sp) 
+ k 3 p{sp)M 3 (sp))dsp 


T a (s a ) = ) 

I [ki a (s a )M“(s a ) + k 2a (s a )M 2 (s a ) 1 
+k 3a (s a )M%(s a )]ds a J 


From (19), (20) and (21) we obtain 


Theorem. Let w^ 4) (s a ) and w^\sp) be curves . Then 
w ff 4) ( s a) and w ( p\sp) are similar curves with variable 
transformation according to Bishop frame in the 
four-dimensional Euclidean space E 4 if and only if 

M P {S p) = Mf{s a )\ 

M 2 (sp) = M 2 (s a ) 1 (19) 

M 3 (sp) = M“ (s a )J 


T a (s a ) = TP(sp) 

which means that vv^ls^) and w^{sp) are similarcurves 
with variable transformation according to Bishop frame in 
four-dimensional Euclidean space E 4 . 

Let now consider w^CSa) and w^\sp) be curves such 
that the equation (17) is satisfied under the variable 
transformation 

(p{Sp) = J kip(Sp) dSp = j /Ci a (S a )ds a = (p (S«) 


vectors are the same for all curves according to Bishop 
Frame. Under the particular variable transformation 

_ ds p _ kia _ k 2a _ k 3a 
a ds a kip k 2 p k 3 p 
of arc-lenths. 

Proof. Let w^^Sa) and w^\sp) are similar curves with 
variable transformation. Then differentiating the equality 
( sp ) = T a (s a ) with respect to Sp it follows, 


of the arclengths. From (17), the tangent vectors T a (s a ) 
and (Sp ) of the two curves satisfy vector differential 
equations of fourty order as follows: 
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f kip ( Sp )iwf ( Sp ) + k 2 p ( Sp )M§ ( Sp ) j 

l +k 3 p(sp)M^(sp) = {k la (s a )M?(sp a ) 1 
\+k 2a (s a )M%(s a ) + /e 3a (sjM 3 a (sJ}^J 
( 21 ) 

From (21), we have (19) and (20) immediately. 

(<=:) Let w„ 4 \s a ) and wj^\sp) are similar curves with 
variable transformation satisfying (19) and (20). By 
multiplying with (19) ; kip,k 2 p, k 3 p } and differentiating 
the results with respect to Sp we obtain 
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Where 


faiOa) 


k la (e a y 


feW = 


fc l 


/«(S«)= fM) 


under the variable transformations 

e a = e p . 

It means that the unit tangent vectors are the same which 
completes the proof of the theorem. 


Example. Let us consider, the Euler Spiral 

rO) = (yi(s),y2(s),y 3 (00)of£ 3 


( yi(s) = (3/5) / sin(s 2 + l)ds ' 
| Y 2 (s ) = (3/5) / cos(s 2 + l)ds 
( y 3 ((s) =^/sds 


Then the tangent vector T(s) of y(s) satisfies a vector 
differential equation of third order given by 

[(/'IP’ ' ' + (1 +/ 2 )r]] ' + f t = 

0 . 


Proof. We are calculated this curve's curvature funcytion 
with help of Mathematica Programme K = 6s/ 5 and 
k = —8s /5 The Frenet -Serret frame of the curve y = y(s) 
may be written by the aid Mathematica Programme as 
fallows 


T(s) = ((3/5)sin(s z + 1), (3/5)cos(s z + l),(4/5)) f 
N (s) = (cos(s z + 1), -sin(s z + 1), 0), 

B(s) = ((4/5)sin(s z + l),cos(s z + 1), -(3/5)). 

To create a Bishop Frame to find the angle of rotation .y=y(s) 
has the form 

f 4s 2 
0(s) = - I kds = 

Transformation matrix for the curve 
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4s 2 

4s 2 
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cos — — 

—sin—— 

M x 
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5 
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B. 



4s 2 

4s 2 

LmJ 


0 

sin—— 

cos—— 



5 

5 



T, Mi, M 2 can be found 


r(s) = r(5) 


4s 2 4s 2 

M 2 (s) = -sin-g-iV(s) + cos—^-B(s). 

Even , first curvature function according to Bishop frame of 
curve. y=y(s) is calculated 

(kits') = ( T '(slM^s))) 

4 s 2 


k 2 (s) = (T »,M 2 (s)> 
4s 2 

— (6s/5)cos-^-. 


If we write derivatives given in (3.3) according to s we 
have 

1 r [T " " + (1 + [tan(4s/5)] 2 r]] ^ + 


[tan(4s/5)]' 


tanips/5)T = 0. 


where, the tangent vector of y(s) satisfies is a vector 
differential equation of third order. 

CONCLUSION 

In the three- dimensional Euclidean E 3 and the four- 
dimensional Euclidean E 4 according to Bishop frame, the 
similar curves are defined and some properties of these 
curves are obtained. It is shown that this curves with 
vanishing curvatures form the families of similar curves. 


References 

[1] M. Barros, General helices and a theorem of Lancert. Proc. AMS 
(1997), 125, 1503-9. 

[2] B. Biikcii, M. K. Karacan, The Slant Helices According to Bishop 
Frame, International Journal of Computational and Mathematical 
Sciences 3:2 (2009). 

[3] Q. Camci, Kjlarslan, L. Kula, H. H. Hacsalihoglu, Harmonic 
curvatures and generalized helices in En , Chaos, Solitons and Fractals, 
40 (2007), 1-7. 

[4] A.T. Ali, Position vectors of general helices in Euclidean 3-space, Bull. 
Math. Anal. Appl.3(2), (2010), 198-205. 

[5] F. GokQelik , Z. Bozkurt, 1. Gok, F. N. Ekmekci, Y. Yayl, Parallel 
transport frame in 4 dimensional Euclidean space E 4 , (Submitted to 
publish) 

[6] H. Gluk, Higher curvatures of curves in Euclidean space, Amer. Math. 
Month. 73 (1966), 699-704. 

[7] D. J. Struik, Lectures on Classical Differential Geometry, Dover, 
New-York, 1988. 

[8] L.R. Bishop, There is more than one way to frame a curve Amer. Math. 
Monthly, 82(3) 1975, 246-251. 

[9] do Carmo, M. P,, Differential Geometry of curves and surfaces, 
Prentice-Hall Inc., (1976). 


First Author Faik Babadag received B.Sc. degre from Ankara University 
.Ankara, Turkey in 1991, Ph. D. degres in Mathematics from Ankara 
University, Ankara, Turkey in 2007, respectively. He is an Associate 
Professor in the department of Mathematics at Rtrikkale University, 
Kinkkale, Turkey. His research interests are differential geometry and 
matrix theory. 


4s 2 4s 2 

M x (5) = cos -^-N(s) + sin-^-B(s) 
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